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Weighted norm inequalities for Schro¨dinger type operators
Lin Tang
Abstract Let L = −∆+ V be a Schro¨dinger operator, where ∆ is the Laplacian
operator on Rn, while nonnegative potential V belongs to the reverse Ho¨lder class. In this
paper, we establish the weighted norm inequalities for some Schro¨dinger type operators,
which include Riesz transforms and fractional integrals and their commutators. These
results generalize substantially some well-known results.
1. Introduction
In this paper, we consider the Scho¨dinger differential operator
L = −∆+ V (x) on Rn, n ≥ 3,
where V (x) is a nonnegative potential satisfying certain reverse Ho¨lder class.
We say a nonnegative locally Lq integral function V (x) on Rn is said to belong to
Bq(1 < q ≤ ∞) if there exists C > 0 such that the reverse Ho¨lder inequality(
1
|B(x, r)|
∫
B(x,r)
V q(y)dy
)1/q
≤ C
(
1
|B(x, r)|
∫
B(x,r)
V (y)dy
)
(1.1)
holds for every x ∈ Rn and 0 < r < ∞, where B(x, r) denotes the ball centered at x
with radius r. In particular, if V is a nonnegative polynomial, then V ∈ B∞. It is worth
pointing out that the Bq class is that, if V ∈ Bq for some q > 1, then there exists ǫ > 0,
which depends only n and the constant C in (1.1), such that V ∈ Bq+ǫ. Throughout this
paper, we always assume that 0 6≡ V ∈ Bn/2.
The study of Schro¨dinger operator L = −△ + V recently attracted much at-
tention; see [1, 2, 7, 8, 9, 18, 21]. Shen [18] considered Lp estimates for Schro¨dinger
type operators L with certain potentials which include Schro¨dinger Riesz transforms
RLj =
∂
∂xj
L−
1
2 , j = 1, · · · , n. Very recently, Bongioanni, etc, [1] proved Lp(Rn)(1 < p <∞)
boundedness for commutators of Riesz transforms associated with Schro¨dinger operator
with BMOθ(ρ) functions which include the class BMO function, and Bongioanni, etc, [2]
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established the weighted boundedness for Riesz transforms and fractional integrals asso-
ciated with Schro¨dinger operator with weight Aρ,θp class which includes the Muckenhoupt
weight class. Naturally, it will be a very interesting problem to ask whether we can estab-
lish the weighted boundedness for commutators of some Schro¨dinger type operators with
BMOθ(ρ) functions and weight A
ρ,θ
p class.
In this paper, we give a confirm answer. In order to answer question above, it seems
that we can not adapt the methods from [1, 2], so we need to use some new thoughts
to overcome this obstacle in this paper. In fact, we establish a new Fefferman-Stein
inequality and weighted inequalities for new maximal operators. It is worth pointing out
that our methods are more general than these in [1, 2], since we can consider more general
Schro¨dinger type operators by using our methods.
The paper is organized as follows. In Section 2, we give some notation and basic
results, these basic results play a crucial role in this paper. In Section 3, we establish
weighted norm inequalities for some Schro¨dinger type operators. In section 4, we es-
tablished the weighted boundedness for commutators of Riesz transforms and fractional
integrals associated with Schro¨dinger operators.
Throughout this paper, we let C denote constants that are independent of the main
parameters involved but whose value may differ from line to line. By A ∼ B, we mean
that there exists a constant C > 1 such that 1/C ≤ A/B ≤ C.
2. Some notation and basic results
We first recall some notation. Given B = B(x, r) and λ > 0, we will write λB for
the λ-dilate ball, which is the ball with the same center x and with radius λr. Similarly,
Q(x, r) denotes the cube centered at x with the sidelength r (here and below only cubes
with sides parallel to the coordinate axes are considered), and λQ(x, r) = Q(x, λr). Given
a Lebesgue measurable set E and a weight ω, |E| will denote the Lebesgue measure of E
and ω(E) =
∫
E ωdx. ‖f‖Lp(ω) will denote (
∫
Rn
|f(y)|pω(y)dy)1/p for 0 < p <∞.
The function mV (x) is defined by
ρ(x) =
1
mV (x)
= sup
r>0
{
r :
1
rn−2
∫
B(x,r)
V (y)dy ≤ 1
}
.
Obviously, 0 < mV (x) < ∞ if V 6= 0. In particular, mV (x) = 1 with V = 1 and
mV (x) ∼ (1 + |x|) with V = |x|2.
Lemma 2.1([18]). There exists l0 > 0 and C0 > 1such that
1
C0
(1 + |x− y|mV (x))−l0 ≤ mV (x)
mV (y)
≤ C0 (1 + |x− y|mV (x))l0/(l0+1) .
In particular, mV (x) ∼ mV (y) if |x− y| < C/mV (x).
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In this paper, we write Ψθ(B) = (1 + r/ρ(x0))
θ, where θ > 0, x0 and r denotes the
center and radius of B respectively.
A weight will always mean a positive function which is locally integrable. As in [2],
we say that a weight ω belongs to the class Aρ,θp for 1 < p < ∞, if there is a constant C
such that for all ball B = B(x, r)(
1
Ψθ(B)|B|
∫
B
ω(y) dy
)(
1
Ψθ(B)|B|
∫
B
ω
− 1
p−1 (y) dy
)p−1
≤ C.
We also say that a nonnegative function ω satisfies the Aρ,θ1 condition if there exists a
constant C for all balls B
MθV (ω)(x) ≤ Cω(x), a.e. x ∈ Rn.
where
MθV f(x) = sup
x∈B
1
Ψθ(B)|B|
∫
B
|f(y)| dy.
Since Ψθ(B) ≥ 1, obviously, Ap ⊂ Aρ,θp for 1 ≤ p < ∞, where Ap denote the classical
Muckenhoupt weights; see [10] and [13]. We will see that Ap ⊂⊂ Aρ,θp for 1 ≤ p < ∞ in
some cases. In fact, let θ > 0 and 0 ≤ γ ≤ θ, it is easy to check that ω(x) = (1+|x|)−(n+γ) 6∈
A∞ =
⋃
p≥1Ap and ω(x)dx is not a doubling measure, but ω(x) = (1 + |x|)−(n+γ) ∈ Aρ,θ1
provided that V = 1 and Ψθ(B(x0, r)) = (1 + r)
θ.
We remark that balls can be replaced by cubes in definitions of Aρ,θp for p ≥ 1 and
MV,θ, since Ψθ(B) ≤ Ψθ(2B) ≤ 2θΨθ(B). When V = 0 and θ = 0, we denote M0,0f(x)
by Mf(x)( the standard Hardy-Littlewood maximal function). It is easy to see that
|f(x)| ≤MθV f(x) ≤Mf(x) for a.e. x ∈ Rn and θ ≥ 0. For convenience, in the rest of this
paper, fixed θ ≥ 0, we always assume that Ψ(B) denotes Ψθ(B) and Aρp denotes Aρ,θp .
Lemma 2.2. Let 1 < p <∞, then
(i) If 1 ≤ p1 < p2 <∞, then Aρp1 ⊂ Aρp2 .
(ii) ω ∈ Aρp if and only if ω−
1
p−1 ∈ Aρp′, where 1/p+ 1/p′ = 1.
(iii) If ω ∈ Aρp for 1 ≤ p <∞, then
1
Ψ(Q)|Q|
∫
Q
|f(y)|dy ≤ C
(
1
ω(5Q)
∫
Q
|f |pω(y)dy
)1/p
,
where ω(E) =
∫
E ω(x)dx. In particular, let f = χE for any measurable set E ⊂ Q,
|E|
Ψ(Q)|Q| ≤ C
(
ω(E)
ω(5Q)
)1/p
.
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Proof. (i) and (ii) can be easily obtained by the definition of Aρp. We only prove (iii). In
fact,
1
Ψ(Q)|Q|
∫
Q
|f(y)|dy = 1
Ψ(Q)|Q|
∫
Q
|f(y)|ω 1p (y)ω− 1p (y)dy
≤
(
1
Ψ(Q)|Q|
∫
Q
|f(y)|pω(y)dy
) 1
p
(
1
Ψ(Q)|Q|
∫
Q
ω
− 1
p−1 (y)dy
) p−1
p
≤ C
(
1
Ψ(Q)|Q|
∫
Q
|f(y)|pω(y)dy
) 1
p
×
(
1
Ψ(5Q)|5Q|
∫
5Q
ω−
1
p−1 (y)dy
) p−1
p
≤ C
(
1
Ψ(Q)|Q|
∫
Q
|f(y)|pω(y)dy
) 1
p
(
1
Ψ(5Q)|5Q|
∫
5Q
ω(y)dy
)− 1
p
≤ C
(
1
ω(5Q)
∫
Q
|f |pω(y)dy
)1/p
.
Thus, (iii) is proved. ✷
We also need the dyadic maximal operator M△V,ηf(x) with 0 < η <∞ defined by
M△V,ηf(x) := sup
x∈Q(dyadic cube)
1
Ψ(Q)η|Q|
∫
Q
|f(x)| dx.
Let 0 < η <∞, the dyadic sharp maximal operator M ♯V,ηf(x) is defined by
M ♯V,ηf(x) := sup
x∈Q,r<ρ(x0)
1
|Q|
∫
Q(x0,r)
|f(y)− fQ| dy + sup
x∈Q,r≥ρ(x0)
1
Ψ(Q)η|Q|
∫
Q(x0,r)
|f | dy
≃ sup
x∈Q,r<ρ(x0)
inf
C
1
|Q|
∫
Q(x0,r)
|f(y)− C| dy + sup
x∈Q,r≥ρ(x0)
1
Ψ(Q)η|Q|
∫
Q(x0,r)
|f | dx
where Q′x0s denote dyadic cubes Q(x0, r) and fQ =
1
|Q|
∫
Q f(x)dx.
A variant of dyadic maximal operator and dyadic sharp maximal operator
M△δ,ηf(x) =M
△
V,η(|f |δ)1/δ(x)
and
M ♯δ,ηf(x) =M
♯
V,η(|f |δ)1/δ(x),
which will become the main tool in our scheme.
Bongioanni, etc, [2] proved the following Lemma.
Lemma 2.3. If ω ∈ Aρ∞ =
⋃
p≥1A
ρ
p, then there exists constants C˜ > 0 and δ1 > 0,
such that for any Q = Q(x0, r) ⊂ Rn with r < ρ(x0) such that for any measurable E ⊂ Q
ω(E)
ω(Q)
≤ C˜
( |E|
|Q|
)δ1
.
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Lemma 2.4. Let 0 < η <∞ and f be a locally integrable function on Rn, λ > 0,
and Ωλ = {x ∈ Rn : M△V,ηf(x) > λ}. Then Ωλ may be written as a disjoint union of
dyadic cubes {Qj} with
(i) λ < (Ψ(Qj)
η |Qj|)−1
∫
Qj
|f(x)| dx,
(ii) |Qj |−1
∫
Qj
|f(x)| dx ≤ 2n(8nC0)(l0+2)θηλ, for each cube Qj = Qj(xj , rj) with rj <
ρ(xj). This has the immediate consequences:
(iii) |f(x)| ≤ λ for a.e x ∈ Rn \⋃j Qj
(iv) |Ωλ| ≤ λ−1
∫
Rn
|f(x)| dx.
The proof follows from the same argument of Lemma 1 in page 150 in [17].
By Lemmas 2.3 and 2.4, we establish the following weighted“good λ” inequality.
Theorem 2.1. Let ω ∈ Aρ∞ and 0 < η < ∞. For a locally integrable function f ,
and for b and γ positive γ < b < b0 = (8nC0)
−(l0+2)θη, we have the following inequality
ω({x ∈ Rn :M△V,ηf(x) > λ,M ♯V,ηf(x) ≤ γλ}) ≤ C˜aδ1ω({x ∈ Rn : M△V,ηf(x) > bλ}) (2.1)
for all λ > 0, where a = 2nγ/(1 − bb0 ), C0 is defined in Lemma 2.1, C˜ and δ1 are defined
in Lemma 2.3.
Proof. We may assume that the set {x : M△V,ηf(x) > bλ} has finite measure, otherwise
the inequality (2.1) is obvious. From Lemma 2.4, then this set is the union of disjoint
maximal cubes {Qj}. We let Q = Q(x0, r) denote one of these cubes. We consider two
cases about sidelength r, that is, r < 1/mV (x0) and r ≥ 1/mV (x0).
Case 1. When r < 1/mV (x0), let Q˜ ⊃ Q be the parent of Q, by the maximality of Q
we have |f |
Q˜
≤ bλΨ(Q˜)η ≤ bλ/b0 by Lemma 2.1. So far all x ∈ Q for whichM△V,ηf(x) > λ,
it follows that M△V,η(fχQ)](x) > λ, and also that M
△
V,η[(f − fQ˜)χQ](x) > (1− b/b0)λ. By
the weak type (1,1) of M△V,η(see (iv) of Lemma 2.4), we have
|{x ∈ Q :M△V,ηf(x) > t,M ♯V,ηf(x) ≤ γt}| ≤
1
(1− b/b0)λ
∫
Q
|f − f
Q˜
|dx
≤ 1
(1− b/b0)t
∫
Q˜
|f − f
Q˜
|dx
≤ |Q˜|
(1− b/b0)t infx∈QM
♯
V,ηf(x)
≤ 2
nγ|Q|
1− b/b0 ,
if the set in question is not empty. So
|{x ∈ Q :M△V,ηf(x) > λ,M ♯V,ηf(x) ≤ γλ}| ≤ a|Q|.
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From this and by Lemma 2.3, in the case r < 1/mV (x0), we have
ω({x ∈ Q :M△V,ηf(x) > λ,M ♯V,ηf(x) ≤ γλ}) ≤ C˜aδ1ω(Q). (2.2)
Case 2. When r ≥ 1/mV (x0), note that
bλ <
1
Ψ(Q)η|Q|
∫
Q
|f(y)|dy ≤ inf
x∈Q
M ♯V,ηf(x) ≤ γλ,
but γ < b, hence, the set in question is empty. Thus (2.2) holds for any Q, and hence
(2.1). The proof of Theorem 2.1 is complete. ✷
As a consequence of Theorem 2.1, we have the following result.
Corollary 2.1. Let 0 < p, η, δ < ∞ and ω ∈ A∞. There exists a positive
constant C such that∫
Rn
M△δ,ηf(x)
pω(x)dx ≤ C
∫
Rn
M ♯δ,ηf(x)
pω(x)dx.
Let ϕ : (0,∞) → (0,∞) be a doubling function. Then there exists a positive constant C
such that
sup
λ>0
ϕ(λ)ω({x ∈ Rn : M△δ,ηf(x) > λ}) ≤ C sup
λ>0
ϕ(λ)ω({x ∈ Rn : M ♯δ,ηf(x) > λ})
for any smooth function f for which the left handside is finite.
To establish weighted inequality for fractional integrals, we need introduce Aρ(p,q). We
say that a weight ω belongs to the class Aρ(p,q) for 1 ≤ p < ∞ and 1 ≤ q < ∞. Let
p′ = p/(p − 1), if there is a constant C such that for any cube Q = Q(x, r)(
1
Ψ(Q)|Q|
∫
Q
[ω(y)]q dy
)1/q ( 1
Ψ(Q)|Q|
∫
Q
[ω(y)]−p
′
dy
)1/p′
≤ C.
Obviously, ω1/p ∈ Aρ(p,p) ⇔ ω ∈ Aρp for 1 ≤ p <∞.
Next, let 0 ≤ β < n, we give a result about the operator Mβ,ω defined by
Mβ,ω(f)(x) = sup
x∈B
1
ω(5B)1−β/n
∫
B
|f(x)|ω(x)dx.
In the rest of this section, we write Mωf(x) =M0,ωf(x).
Lemma 2.5. Let 0 ≤ β < n, 1 ≤ p < n/β and 1/q = 1/p − β/n. If ω ∈ Aρ∞ ,
then
ω({x ∈ Rn : Mβ,ωf(x) > λ}) ≤ C
(‖f‖Lp(ω)
λ
)q
, ∀λ > 0, ∀f ∈ Lp(ω).
In particular, from (3.1) and using Marcinkiewicz interpolation theorem, then for 1 < p <
n/β and 1/q = 1/p − β/n so that
‖Mβ,ωf‖Lq(ω) ≤ C‖f‖Lp(ω).
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Proof. We set x ∈ Eλ = {x ∈ Rn : Mβ,ωf(x) > λ} with any λ > 0, then, there exists a
ball Bx ∋ x such that
1
ω(5Bx)1−β/n
∫
Bx
|f(y)|ω(y)dy > λ. (2.3)
Thus, {Bx}x∈Eλ covers Eλ. By Vitali lemma, there exists a class disjoint cubes {Bxj}
such that
⋃
Bxj ⊂ Eλ ⊂
⋃
5Bxj and
ω(Eλ) ≤
∑
j
ω(5Bxj). (2.4)
From (2.3), we have
λ <
1
ω(5Bx)1/q
(∫
Bx
|f(y)|pω(y)dy
)1/p
.
From this and by (2.4), note that p/q ≤ 1, we get
ω(Eλ)
p/q ≤
∑
j
ω(5Bxj)
p/q ≤ C
λp
∑
j
∫
Bxj
|f(y)|pω(y)dy
=
C
λp
∫⋃
j
Bxj
|f(y)|pω(y)dy ≤ C
λp
∫
Rn
|f(y)|pω(y)dy.
Thus, Lemma 2.5 is proved. ✷
The fractional maximal operator Mβ,V is defined by
Mβ,V f(x) = sup
x∈Q
1
(Ψ(Q)|Q|)1−βn
∫
Q
|f(y)| dy,
where 0 ≤ β < n, we let MV denote M0,V .
From (iii) of Lemma 2.2, we know that for 1 ≤ p <∞ and ω ∈ Aρp
MV f(x) ≤ C(Mω(|f |p)(x))1/p, x ∈ Rn.
From this and using Lemma 2.5, we can get the following result.
Proposition 2.1. Let 1 < p <∞ and suppose that ω ∈ Aρp. If p < p1 <∞, then
the equality ∫
Rn
|MV f(x)|p1ω(x)dx ≤ C
∫
Rn
|f(x)|p1ω(x)dx.
Further, let 1 ≤ p <∞, ω ∈ Aρp if and only if
ω({x ∈ Rn : MV f(x) > λ}) ≤ C
λp
∫
Rn
|f(x)|pω(x)dx.
For the fractional maximal operator Mβ,V , we have:
Proposition 2.2. Let 0 < β < n, 1 ≤ p < n/β and 1/q = 1/p − β/n. If ω ∈
Aρ(p,q), then (∫
{x∈Rn: Mβ,V f(x)>λ})
[ω(y)]qdy
)1/q
≤ C
λ
(∫
Rn
|f(x)|pω(x)dx
)1/p
.
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Proof. Fix M > 0 and let Eλ,M = {|x| < M : Mβ,V f(x) > λ}. For each x ∈ Eλ,M there
is a cube Q ∋ x such that
(Ψ(Q)|Q|)βn−1
∫
Q
|f(y)|dy > λ. (2.5)
Pick a sequence {Qk} of these cubes such that Eλ,M ⊂
⋃
Qk and no point of R
n is in more
than L of these cubes where L depends only on n (see [14]). Note that p/q < 1, by (2.5),
we then have(∫
Eλ,M
[ω(x)]qdx
)p/q
≤
(∑
k
∫
Qk
[ω(x)]qdx
)p/q
≤
∑
k
(∫
Qk
[ω(x)]qdx
)p/q
≤ C
∑
k
(∫
Qk
[ω(x)]qdx
)p/q (
λ−1(Ψ(Qk)|Qk|)
β
n
−1
∫
Qk
|f(x)|dx
)p
≤ C
∑
k
(∫
Qk
[ω(x)]qdx
)p/q
λ−p(Ψ(Qk)|Qk|)1−p−p/q
×
(∫
Qk
|f(x)ω(x)|pdy
)(∫
Qk
[ω(x)]−p
′
dx
)p/p′
≤ Cλ−p
∑
k
∫
Qk
|f(x)ω(x)|pdx
≤ Cλ−p
∫
Rn
|f(x)ω(x)|pdx.
Using the monotone convergence theorem, we can obtain the desired result. ✷
Next we will establish the weighted strong type (p, q) for a variant maximal operator
MV,η for 0 < η <∞ as follows
Mβ,V,ηf(x) = sup
x∈Q
1
(Ψ(Q))η(Ψ(Q)|Q|)1−βn
∫
Q
|f(y)| dy.
Theorem 2.2. Let 0 ≤ β < n, 1 < p < n/β, 1/p+1/p′ = 1 and 1/q = 1/p−β/n.
If ω ∈ Aρ(p,q) and η ≥ (1− β/n)p′/q, then there exists a constant C > 0 such that
‖Mβ,V,ηf‖Lq(ωq) ≤ C‖f‖Lp(ωp).
Proof. We shall adapt an argument in [12]. Note that ω ∈ Aρ(p,q) ⇔ ωq ∈ Aρ1+q/p′ , where
p′ = p/(p−1). Let γ = 1+ q/p′, γ′ = γ/(γ−1) and ν = ωq. Set σ = ν− 1γ−1 , then σ ∈ Aργ′ .
Let f ∈ Lp(ωp), for any k ∈ Z, taking any compact set Kk ⊂ {x ∈ Rn : 2k < Mβ,V,ηf(x) ≤
2k+1}, for any x ∈ Kk, ∃Qx ∋ x such that
2k+1 ≥ 1
(Ψ(Qx))η(Ψ(Qx)|Qx|)1−β/n
∫
Qx
f(y)|dy > 2k.
We take finite cover {Qkj } from the cover {Qx}x∈Kk of Kk. Write
Ek1 = Q
k
1
⋂
Kk, E
k
j = (Q
k
j −
⋃
i<j
Qkj )
⋂
Kk, j > 1,
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then {Ekj } is a disjoint collection on j for fixed k, and Kk =
⋃
j E
k
j , we then get∫⋃
k
Kk
|Mβ,V,ηf |qωqdx≤ C
∑
k,j
2kqν(Ekj )
≤ C
∑
k,j
ν(Ekj )
(
1
(Ψ(Qkj ))
η(Ψ(Qkj )|Qkj |)1−β/n
∫
Qkj
|f(y)|dy
)q
= C
∑
k,j
ν(Ekj )
(
σ(5Qkj )
1−β/n
(Ψ(Qkj ))
η(Ψ(Qkj )|Qkj |)1−β/n
)q
×
(
1
σ(5Qkj )
1−β/n
∫
Qkj
|f(y)|σ−1σdy
)q
.
(2.6)
Define the measure µ on Z× Z+ by
µ : (k, j)→ µk,j = ν(Ekj )
(
σ(5Qkj )
1−β/n
(Ψ(Qkj ))
η(Ψ(Qkj )|Qkj |)1−β/n
)q
.
Write
Γ(λ) =
{
(k, j) :
(
1
σ(5Qkj )
1−β/n
∫
Qkj
|f(y)|σ−1σdy
)q
> λ
}
, λ > 0,
G(λ) =
⋃
{Qkj : (k, j) ∈ Γ(λ)}.
Since ν ∈ Aργ , then
sup
Q
(
σ(5Q)
Ψ(Q)|Q|
)γ ( ν(5Q)
Ψ(Q)|Q|
)γ′
≤ C.
Note that γ = (1− β/n)q and η ≥ (1− β/n)p′/q, we then obtain
µk,j = ν(Ej)
(
σ(5Qkj )
1−β/n
(Ψ(Qkj ))
η(Ψ(Qkj )|Qkj |)1−β/n
)q
≤ Cν(Ekj )
( |Qkj |
ν(5Qkj )
)γ′
≤ Cν(Ekj )
(
1
ν(5Qkj )
∫
Qj
k
ν−1νdy
)γ′
≤ Cν(Ekj ) inf
x∈Qkj
Mν(ν
−1χQkj
)γ
′
(x)
≤ C
∫
Ekj
Mν(ν
−1χQkj
)γ
′
(x)ν(x)dx.
Since Mν is bounded on L
γ′(ν) by Lemma 2.5, we have
µ(Γ(λ)) =
∑
(k,j)∈Γ(λ)
µk,j ≤ C
∑
(k,j)∈Γ(λ)
∫
Ekj
Mν(ν
−1χG(λ))
γ′(x)ν(x)dx
≤
∫
G(λ
Mν(ν
−1χG(λ))
γ′(x)ν(x)dx
≤ C
∫
G(λ)
ν1−γ
′
dx = σ(G(λ)).
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Note that
G(λ) ⊂ {x ∈ Rn : (Mβ,σ(fσ−1))q(x) > λ},
so
σ(G(λ)) ≤ σ({x ∈ Rn : (Mβ,σ(fσ−1))q(x) > λ}).
Hence, by Lemma 2.5, the right side of (2.6) equal to∫ ∞
0
µ(Γ(λ))dλ≤ C
∫ ∞
0
σ(G(λ)dλ
≤ C
∫ ∞
0
σ({x ∈ Rn : (Mβ,σ(fσ−1))q(x) > λ})dλ
= C
∫
Rn
(Mβ,σ(fσ
−1))qσdx
≤ C
(∫
Rn
|f |pσ1−pdx
)q/p
= C
(∫
Rn
|fω|pdx
)q/p
.
Thus, (∫
Rn
(Mβ,V,ηf)
qωqdx
)1/q
≤ C
(∫
Rn
|f |pωpdx
)1/p
.
Theorem 2.2 is proved. ✷
We next recall some basic definitions and facts about Orlicz spaces, referring to [16]
for a complete account.
A function B(t) : [0,∞) → [0,∞) is called a Young function if it is continuous,
convex, increasing and satisfies Φ(0) = 0 and B →∞ as t→∞. If B is a Young function,
we define the B-average of a function f over a cubeQ by means of the following Luxemberg
norm:
‖f‖B,Q = inf
{
λ > 0 :
1
|Q|
∫
Q
B
( |f(y)|
λ
)
dy ≤ 1
}
.
The generalized Ho¨lder’s inequality
1
|Q|
∫
B
|fg| dy ≤ ‖f‖B,Q‖g‖B¯,Q
holds, where B¯ is the complementary Young function associated to B. And we define the
corresponding maximal function
MBf(x) = sup
Q:x∈Q
‖f‖B,Q
and for 0 < η <∞ and 0 ≤ β < n
MB,β,V,ηf(x) = sup
Q:x∈Q
Ψ(Q)−η(Ψ(Q)|Q|)β/n‖f‖B,Q.
In particular, if β = 0, we denote MB,0,V,ηf(x) by MB,V,ηf(x).
The in example that we are going to use is B(t) = t(1 + log+t) with the maximal
function denoted by MLlogL. The complementary Young function is given by B¯(t) ≈ et
with the corresponding maximal function denoted by MexpL.
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3. Weighted norm inequalities for Schro¨dinger type operators
We first consider a class Schro¨dinger type operators such as ∇(−∆ + V )−1∇, ∇(−∆ +
V )−1/2, (−∆+V )−1/2∇ with V ∈ Bn, (−∆+V )iγ with γ ∈ R and V ∈ Bn/2, and∇2(−∆+
V )−1 with V is a nonnegative polynomial, are standard Caldero´n-Zygmund operators, in
particular, the kernels K of operators above all satisfy the following conditions for some
δ0 > 0 and any l ∈ N0 = N
⋃{0},
|K(x, y)| ≤ Cl
(1 + |x− y|(mV (x) +mV (y)))l
1
|x− y|n (3.1)
and
|K(x+h, y)−k(x, y)|+|K(x, y+h)−K(x, y)| ≤ Cl
(1 + |x− y|(mV (x) +mV (y)))l
|h|δ0
|x− y|n+δ0 ,
(3.2)
whenever x, y, h ∈ Rn, and |h| < |x− y|/2, and mV (x) is defined in Section 2.
Theorem 3.1. Let T denote the operators above. Let 1 < p < ∞ and suppose
that ω ∈ Aρp. Then ∫
Rn
|Tf(x)|pω(x)dx ≤ C
∫
Rn
|f(x)|pω(x)dx.
Further, suppose that ω ∈ Aρ1. Then, there exists a constant C such that for all λ > 0
ω({x ∈ Rn : Tf(x) > λ}) ≤ C
λ
∫
Rn
|f(x)|ω(x)dx.
We remark that the weighted boundedness of∇(−∆+V )−1/2, (−∆+V )−1/2∇ with V ∈ Bn
is proved in [2]. We can prove Theorem 3.1 by using the similar proof of Theorems 3.4
below. We omit the details here.
Next we give a result of maximal Schro¨dinger type operators.
Theorem 3.2. Let 0 < p, η <∞ and suppose that ω ∈ Aρ∞. Then∫
Rn
|T ∗f(x)|pω(x)dx ≤ Cp,η
∫
Rn
|MV,ηf(x)|pω(x)dx
and
sup
λ>0
λω({x ∈ Rn : T ∗f(x) > λ}) ≤ C sup
λ>0
λω({x ∈ Rn : MV,ηf(x) > λ}),
where the maximal operator T ∗ defined by
T ∗f(x) := sup
ǫ>0
|Tǫf(x)| = sup
ǫ>0
∣∣∣∣∣
∫
|y−x|>ǫ
K(x, y)f(y)dy
∣∣∣∣∣ .
To prove theorem 3.2, we need the following lemma.
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Lemma 3.1. For any a ball B = B(x0, r), if r ≥ 1/mV (x0), then the ball B can
be decomposed into finite disjoint cubes {Qi}i=1,m such that B ⊂
⋃m
i Qi ⊂ 2
√
nB and
ri/2 ≤ 1/mV (x) ≤ 2
√
nC0ri for some x ∈ Qi = Q(xi, ri), where C0 is same as Lemma
2.1.
Proof. In fact, let Q be a cube with center at x0 and sidelength 2r. Obviously, B ⊂
Q ⊂ 2√nB. If there exist a point x ∈ Q such that 2r/2 ≤ 1/mV (x), by Lemma 2.1
and r ≥ 1/mV (x0), we then know that 1/mV (x) ≤ 2
√
nC02r, thus Q will be satisfied.
Otherwise, we split Q into 2n disjoint cubes Oi with sidelength r. If Qi satisfies r/2 ≤
1/mV (x) ≤ 2
√
nC0r for some x ∈ Qi, we keep it, otherwise, we continuous split Qi as
above. From Lemma 2.1, we know that 1/m(x) > (1+2r
√
n/mV (x0))
−l0/(C0mV (x0)) for
all x ∈ Q. Therefore, the splitting steps must be finite. Thus, we can obtain finite disjoint
cubes Qi such that Q =
⋃m
i=1Qi and ri/2 ≤ 1/mV (x) ≤ 2C0ri for some x ∈ Qi = Q(xi, ri).
Obviously, these cubes Q′is are just what we need. Thus, Lemma 3.1 is proved. ✷
Proof of Theorem 3.2. The set Ω = {x ∈ Rn : T ∗f(x) > t} is open. Therefore
we can decompose it as a disjoint union Ω =
⋃
Qj of Whitney cubes: they are mutually
disjoint and 2 diam(Qj) ≤ dist(Qj ,Ωc) ≤ 8 diam(Qj). Moreover, the family 4Qj is almost
disjoint with constant 4n, and obviously 4Qj ⊂ Ω.
To prove Theorem 3.2, we only need to show that
ω({x ∈ Rn : T ∗f(x) > (1 + β)t and MV,ηf(x) ≤ γt}) ≤ aω({x ∈ Rn : T ∗f(x) > t}) (3.3)
for all t > 0 and a < (1 + β)
−1− 1
p .
Let Qj = Q(xj , rj), we set E1 = {j : rj ≤ 1/mV (xj)} and E2 = {j : rj >
1/mV (xj)}. From the proof of Lemma 3.1, we know that for any j ∈ E2, the cube
Qj can be decomposed into finite disjoint cubes {Qij}jmi=1 such that Qj =
⋃jm
i=1Q
i
j and
rji/2 ≤ 1/mV (x) ≤ 2
√
nC0rji for some x ∈ Qij. We are going to show that, given β > 0
and 0 < α < 1, there exists γ = γ(β, α, n) such that for all j ∈ E1
|{x ∈ Qj : T ∗f(x) > (1 + β)t and MV,ηf(x) ≤ γt}| ≤ 4nα|Qj |
and j ∈ E2 and Qj =
⋃jm
i=1Q
i
j such that
|{x ∈ Qij : T ∗f(x) > (1 + β)t and MV,ηf(x) ≤ γt}| ≤ 4nα|Qij |
From these and using Lemma 3.1 with q0 = (20nC0)
(l0+2)α, we have
ω({x ∈ Qj : T ∗f(x) > (1 + β)t and MV,ηf(x) ≤ γt}) ≤ Cαδ1ω(Qj), j ∈ E1 (3.4)
and j ∈ E2 and Qj =
⋃jm
i=1Q
i
j such that
ω({x ∈ Qij : T ∗f(x) > (1 + β)t and MV,ηf(x) ≤ γt}) ≤ Cαδ1ω(Qij). (3.5)
Summing over j and i, we get
ω({x ∈ Rn : T ∗f(x) > (1 + β)t and MV,ηf(x) ≤ γt}) ≤ Cαδ1ω(Ω).
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Choose α so that Cαδ1 < (1 + β)−1−
1
p , we would finally obtain (3.5).
It remains to prove (3.4) and (3.5). We first consider the term (3.4). Fix j and set
Q = Qj = Q(x0, r). Assume that there exists x¯ ∈ Q so that MV,ηf(x¯) ≤ γt(if not, the set
appearing in (3.4) would be empty). Let z ∈ Ωc such that dist(z,Q) = dist(Q,Ωc). Note
that
Q ⊂ P = Q(x¯, 5
2
r) ⊂ 4Q ⊂ Qz = Q(z, 18r).
Set f1 = fχQz and f2 = f − f1. Note that r < 1/mV (x0) implies Ψ(Qz) ∼ 1, for x ∈ Q,
we then have
|Tǫf1(x)| ≤ |Tǫ(fχP )(x)|+ C
rn
∫
Qz
|f(y)|dy
≤ |T ∗(fχP )(x)|+ CMV,ηf(x¯)
≤ |T ∗(fχP )(x)|+ Cγt.
Hence,
|Tǫf(x)| ≤ |Tǫf2(x)|+ |T ∗(fχP )(x)|+ Cγt.
By direction computation, we obtain
|Tǫf2(x)− Tǫf2(z)| ≤ CMV,ηf(x¯)
and
|Tǫf2(z)| ≤ T ∗f(z) ≤ t.
Then
T ∗f(x) ≤ T ∗(fχP )(x) + (1 +Cγ)t, x ∈ Q.
Take γ so that 2Cγ ≤ β, we then have
{x ∈ Qj : T ∗f(x) > (1 + β)t and MV,ηf(x) ≤ γt} ⊂ {x ∈ Q : T ∗(fχP )(x) > β
2
t}.
By the weak type (1,1) of T ∗, we get
|{x ∈ Q : T ∗(fχP )(x) > β2 t}| ≤
C
βt
∫
P
|f(y)|dy
≤ C|Q|
βt
1
|4Q|
∫
4Q
|f(y)|dy
≤ C|Q|
βt
MV,ηf(x¯)
≤ Cγ|Q|
β
≤ α|Q|,
if γ is chosen small enough so that Cβ−1γ ≤ α.
Finally, we consider the term (3.5). Similar to (4.6), fix j, i and set Q = Qij and
r = l(Q). Assume that there exists x¯ ∈ Q so that MV,ηf(x¯) ≤ γt. Note that
Q ⊂ P = Q(x¯, 5
2
r) ⊂ 4Q ⊂ Qx¯ = Q(x¯, 18r).
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Set f1 = fχQx¯ and f2 = f − f1. Then for x ∈ Q, we have
|Tǫf1(x)| ≤ |Tǫ(fχP )(x)| + C
rn
∫
Qx¯
|f(y)|dy
≤ |T ∗(fχP )(x)| + CMV,ηf(x¯)
≤ |T ∗(fχP )(x)| + Cγt,
so
|Tǫf(x)| ≤ |Tǫf2(x)|+ |T ∗(fχP )(x)|+ Cγt.
By direction computation, we obtain
|Tǫf2(x)| ≤ CMV,ηf(x¯).
Then
T ∗f(x) ≤ T ∗(fχP )(x) + Cγt, x ∈ Q.
The rest proof is similar to that of (3.4), we omit the details. Thus, Theorem 3.2 is proved.
✷
Next we consider another class V ∈ Bq for n/2 ≤ q for Riesz transforms associated
to Schro¨dinger operators. Let T1 = (−△ + V )−1V, T2 = (−△ + V )−1/2V 1/2 and T3 =
(−△+ V )−1/2∇.
Theorem 3.3. Suppose V ∈ Bq and q ≥ n/2. Then
(i) If q′ ≤ p <∞ and ω ∈ Aρp/q′,
‖T1f‖Lp(ω) ≤ C‖f‖Lp(ω);
(ii) If (2q)′ ≤ p <∞ and ω ∈ Aρp/(2q)′ ,
‖T2f‖Lp(ω) ≤ C‖f‖Lp(ω);
(iii) If p′0 ≤ p <∞ and ω ∈ Aρp/p′
0
, where 1/p0 = 1/q − 1/n and n/2 ≤ q < n,
‖T3f‖Lp(ω) ≤ C‖f‖Lp(ω).
Let T ∗1 = V (−△+ V )−1, T ∗2 = V 1/2(−△+ V )−1/2 and T ∗3 = ∇(−△+ V )−1/2. By duality
we can easily get the following results.
Corollary 3.1. Suppose V ∈ Bq and q ≥ n/2. Then
(i) If 1 < p ≤ q and ω− 1p−1 ∈ Aρp′/q′,
‖T ∗1 f‖Lp(ω) ≤ C‖f‖Lp(ω);
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(ii) If 1 < p ≤ 2q and ω− 1p−1 ∈ Aρp′/(2q)′ ,
‖T ∗2 f‖Lp(ω) ≤ C‖f‖Lp(ω);
(iii) If 1 < p ≤ p0 and ω−
1
p−1 ∈ Aρp′/p′
0
, where 1/p0 = 1/q − 1/n and n/2 ≤ q < n,
‖T ∗3 f‖Lp(ω) ≤ C‖f‖Lp(ω).
We remark that the weighted Lp(ω) boundedness of T3, T
∗
3 is proved in [2].
To prove Theorem 3.3, we need the following result.
Lemma 3.2. Let q, p0 be same as in Theorem 3.3. There exist constants CN > 0,
δ > 0 and s1, s2, s3 such that s1 > q, s2 > 2q, s3 > p0, such that, for ∀ r > 0, x, x0 ∈ Rn
with |x− x0| ≤ r, then
∞∑
k=1
(2kr)
n
s′
i
(∫
2kr≤|y−x0|<2k+1r
|K(x, y)−K(x0, y)|sidy
)1/si
≤
∞∑
k=1
CN
2kδ(1 +mV (x0)2kr)N
,
where Ki denotes the kernels of Ti defined as above, i = 1, 2, 3, and 1/s
′
i + 1/si = 1 for
i = 1, 2, 3.
Lemma 3.2 is essentially proved in [9].
Proof of Theorem 3.3. For convenience, Let T denote these operators T1, T2, T3,
K, s denote the kernel Ki of Ti and si for i = 1, 2, 3 respectively. From Corollary 2.1 and
Proposition 2.1, and note that for any η > 0, |f(x)| ≤M△V f(x), a.e. x ∈ Rn, we need only
to show that
M ♯V (Tf)(x) ≤ CM1/sV (|f |s)(x), a.e x ∈ Rn, (3.6)
holds for any f(x) ∈ C∞0 (Rn).
We fix x ∈ Rn and let x ∈ Q = Q(x0, r)(dyadic cube). Decompose f = f1 + f2,
where f1 = fχQ¯, where Q¯ = Q(x, 8
√
nr). Let CQ a constant to be fixed along the proof.
To prove (3.3), we consider two cases about r, that is, r < ρ(x0) and r ≥ ρ(x0).
Case 1. when r < ρ(x0). We then have
1
|Q|
∫
Q
|Tf(y)− CQ| dy ≤ 1|Q|
∫
Q
|T (f1)(y)| dy
+
1
|Q|
∫
Q
|T (f2)(y)− CQ| dy
= I + II.
To deal with I, note that mV (x) ∼ mV (x0) for any x ∈ Q¯ and Ψ(Q¯) ∼ 1, by Ls(Rn)
boundedness of T (see [18]), we then have
I ≤ C
(
1
|Q|
∫
Q
|Tf(y)|s dy
)1/s
≤ C
(
1
|Q|
∫
Q¯
|f(y)|s dy
)1/s
≤ CM1/sV (|f |s)(x),
(3.7)
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where 1/s′ + 1/s = 1.
Finally, for II we first fix the value of CQ by taking CQ = (T (f2))Q, the average of
T (f2) on Q. Let Qk = Q(x0, 2
k+1r). By Lemmas 2.1 and 3.2, we then have
II ≤ C|Q|2
∫
Q
∫
Q
∫
Rn\Q¯
|K(y, ω)−K(z, ω)||f(ω)|dωdzdy
≤ C|Q|2
∫
Q
∫
Q
∫
|x0−ω|>16r
|K(y, ω)−K(z, ω)||f(ω)|dωdzdy
≤ C|Q|2
∫
Q
∫
Q
∞∑
k=2
∫
2kr≤|x0−ω|<2k+1r
|K(y, ω)−K(z, ω)||f(ω)|dωdzdy
≤ CN
∞∑
k=2
CN
2kδ(1 +mV (x0)2kr)N
(∫
Qk
|f(ω)|sdω
)1/s
≤ CNMV (|f |s)1/s(x),
(3.8)
where N = (l0 + 1)θη.
Case 2. when r > ρ(x0). We then have
1
Ψ(Q)|Q|
∫
Q
|Tf(y)| dy ≤ 1
Ψ(Q)|Q|
∫
Q
|T (f1)(y)| dy + 1
Ψ(Q)|Q|
∫
Q
|T (f2)(y)| dy
:= I1 + II1.
To deal with I1, by L
s(Rn) boundedness of T again, we then have
I ≤ C
(
1
Ψ(Q)s|Q|
∫
Q
|Tf(y)|s dy
)1/s
≤ C
(
1
Ψ(Q)s|Q|
∫
Q¯
|f(y)|s dy
)1/s
≤ CM1/sV (|f |s)(x).
(3.9)
For II, by Lemma 2.1, we then have
II ≤ C|Q|
∫
Q
∫
Rn\Q¯
|k(y, ω)||f(ω)|dωdy
≤ C|Q|
∫
Q
∫
|x0−ω|>16r
|k(y, ω)||f(ω)|dωdy
≤ C|Q|
∫
Q
∞∑
k=2
∫
2kr≤|x0−ω|<2k+1r
|k(y, ω)||f(ω)|dωdy
≤ CN
∞∑
k=2
CN
(1 +mV (x0)2kr)N |Qk|
(∫
Qk
|f(ω)|dω
)
≤ CNMV (|f |s)1/s(x),
(3.10)
where N = (l0 + 1)θη + 1.
From (3.7)–(3.10), we get (3.6). Hence the proof is finished. ✷
Finally, we establish some weighted inequalities for fractional integrals associated
with Schro¨dinger operators defined by
Iβf(x) = L−β/2f(x) =
∫ ∞
0
e−tLf(x)tβ/2−1dt =
∫
Rn
kβ(x, y)f(y)dy for 0 < β < n.
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Using Proposition 2.4 in [8], we can get the following result for the fractional integral
associated with Schro¨dinger operator.
Lemma 3.3. If V ∈ Bq(Rn), q ≥ n/2 and 0 < β < n, kβ denotes the kernel of the
fractional integral Iβ as above, then there exists δ0 = δ0(q) > 0 such that for every l > 0
there is a constant Cl so that
|kβ(x, y)| ≤ Cl
(1 + |x− y|(mV (x) +mV (y)))l
1
|x− y|n−β
and
|kβ(x+ h, y)− kβ(x, y)| ≤ Cl
(1 + |x− y|(mV (x) +mV (y))l
|h|δ0
|x− y|n−β+δ0 ,
whenever x, y, h ∈ Rn and |h| < |x− y|/2.
Theorem 3.4. Let 0 < β < n, 1 < p < β/n and 1/q = 1/p − β/n. If ω ∈ Aρ(p,q),
then (∫
Rn
|Iβf(x)|qω(x)qdx
)1/q
≤ C
(∫
Rn
|f(x)|pω(x)pdx
)1/p
.
Further, suppose that µ = ωq ∈ Aρ1 with q = n/(n − β). Then, there exists a constant C
such that for all λ > 0
µ({x ∈ Rn : |Iβf(x)| > λ})1/q ≤ C
λ
∫
Rn
|f(x)|ω(x)dx.
Theorem 3.4 is proved in [2]. Here we give another proof. We will see that Theorem 3.4
follows from Proposition 2.2, Theorem 2.2 and Theorem 3.5 below. It is worth pointing
out that Theorem 3.5 has own interesting.
Theorem 3.5. Let 0 < q, η <∞ and suppose that ω ∈ Aρ∞, then∫
Rn
|Iβf(x)|qω(x)dx ≤ C
∫
Rn
|Mβ,V,ηf(x)|qω(x)dx
and
sup
λ>0
λqω({x ∈ Rn : |Iβf(x)| > λ}) ≤ C sup
λ>0
λqω({x ∈ Rn : Mβ,V,ηf(x) > λ}),
Proof. To prove Theorem 3.3, from Corollary 2.1 and Theorem 2.2, we need only to show
that for any 0 < η <∞ and 0 < δ < η/(η + 1) such that
M ♯δ,η(Iβf)(x) ≤ CMβ,V,η(f)(x)), a.e x ∈ Rn, (3.11)
Fix x ∈ Rn and let x ∈ Q = Q(x0, r)(dyadic cube). Decompose f = f1 + f2, where
f1 = fχQ¯, where Q¯ = Q(x, 8
√
nr).
To prove (3.11), we consider two cases about r, that is, r < 1/mV (x0) and r ≥
1/mV (x0).
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Case 1. when r < ρ(x0). Let CQ = |(Iβf2)Q|. Since 0 < δ < 1, we then have(
1
|Q|
∫
Q
||Iβf(y)|δ − CδQ| dy
)1/δ
≤
(
1
|Q|
∫
Q
||Iβf(y)| − |(Iβf2)Q||δ dy
)1/δ
≤
(
1
|Q|
∫
Q
|Iβf(y)− (Iβf2)Q|δ dy
)1/δ
≤ C
(
1
|Q|
∫
Q
|Iβf1(y)|δ dy
)1/δ
+C
(
1
|Q|
∫
Q
|Iβf2(y)− (Iβf2)Q|δ dy
)1/δ
= I + II.
For I, we recall that Iβ is weak type (1, n/(n − β)). Note that mV (x) ∼ mV (x0) for any
x ∈ Q¯ and Ψ(Q¯) ∼ 1, by Kolmogorov’s inequality(see[15]), we then have
I ≤ C|Q|1−β/n ‖Iβ(f1)‖L nn−β ,∞
≤ C|Q¯|1−β/n
∫
Q¯
|f(y)| dy ≤ CMβ,V,ηf(x).
(3.12)
For II, let Qk = Q(x0, 2
k+1r) and α = η + 1. By Lemma 3.3, we then have
II ≤ C|Q|
∫
Q
|Iβ(f2)(y)− (Iβ(f2))Q| dy
≤ C|Q|2
∫
Q
∫
Q
∫
Rn\Q¯
|kβ(y, ω)− kβ(z, ω)||f(ω)|dωdzdy
≤ C|Q|2
∫
Q
∫
Q
∫
|x0−ω|>2r
|kβ(y, ω)− kβ(z, ω)|f(ω)|dωdzdy
≤ C|Q|2
∫
Q
∫
Q
∞∑
k=4
∫
2kr≤|x0−ω|<2k+1r
|kβ(y, ω)− kβ(z, ω)||f(ω)|dωdzdy
≤ Cl
∞∑
k=2
2−k
(1 + 2krmV (x0))l(2k+1r)n
∫
Qk
|f(ω)|dω
≤ Cl
∞∑
k=1
2−k(1 + 2krmV (Qk))
αθ
(1 + 2krmV (x0))l
1
(1 + 2krmV (Qk))αθ|Qk|1−β/n
∫
Qk
|f(ω)|dω
≤ Cl
∞∑
k=1
2−k(1 + 2krmV (x0))
α(l0+1)θ
(1 + 2krmV (x0))l
1
(1 + 2krmV (Qk))αθ|Qk|1−β/n
∫
Qk
|f(ω)|dω
≤ Cl
∞∑
k=1
2−kMβ,V,η(f)(x) ≤ ClMβ,V,η(f)(x),
(3.13)
if taking l = θ(l0 + 1)α.
Weighted norm inequalities for Schro¨dinger type operators 19
Case 2. When r ≥ ρ(x0), note that α1 := η/δ ≥ η + 1, we have
C
Ψ(Q)α1
(
1
|Q|
∫
Q
|Iβf(y)|δ dy
)1/δ
≤ C
Ψ(Q)α1
(
1
|Q|
∫
Q
|Iβf1(y)|δ dy
)1/δ
+
C
Ψ(Q)α1
(
1
|Q|
∫
Q
|Iβf2(y)|δ dy
)1/δ
:= I1 + II1.
For I1, similar to I, we have
I1 ≤ C
Ψ(Q)α1
1
|Q|1−β/n ‖Iβf1‖L nn−β ,∞
≤ C
Ψ(Q)η(Ψ(Q)|Q¯|)1−β/n
∫
Q¯
|f(y)| dµ(y)
≤ CMβ,V,ηf(x).
(3.8)
Finally, for II1, by Lemma 3.3, we then have
II1 ≤ C|Q|
∫
Q
|Iβ(f2)(y)| dy
≤ C|Q|
∫
Q
∫
Rn\Q¯
|kβ(y, ω)||f(ω)|dωdy
≤ C|Q|
∫
Q
∫
|x0−ω|>2r
|kβ(y, ω)|f(ω)|dωdy
≤ C|Q|
∫
Q
∞∑
k=2
∫
2kr≤|x0−ω|<2k+1r
|kβ(y, ω)|f(ω)|dωdy
≤ Cl
∞∑
k=2
1
(1 + 2krmV (x0))l|Qk|1−β/n
∫
Qk
|f(ω)|dω
≤ Cl
∞∑
k=1
(1 + 2krmV (Qk))
θα1
(1 + 2krmV (x0))l
1
(1 + 2krmV (Qk))θα1 |Qk|1−β/n
∫
Qk
|f(ω)|dω
≤ Cl
∞∑
k=1
(1 + 2krmV (x0))
θ(l0+1)α1
(1 + 2krmV (x0))l
1
(1 + 2krmV (Qk))θα1 |Qk|1−β/n
∫
Qk
|f(ω)|dω
≤ Cl
∞∑
k=1
2−kMβ,V,η(f)(x) ≤ ClMβ,V,η(f)(x),
(3.14)
if taking l = α1(l0 + 1)θ + 1.
From (3.12)–(3.14), we get (3.11). Hence the proof is finished. ✷
4. Commutators for Shro¨dinger type operators
Bongioanni, etc, [1] introduce a new space BMOθ(ρ) defined by
‖f‖BMOθ(ρ) = sup
B⊂Rn
1
Ψ(B)|B|
∫
B
|f(x)− fB|dx <∞,
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where fB =
1
|B|
∫
B f(y)dy and Ψ(B) = (1 + r/ρ(x0))
θ, B = B(x0, r) and θ > 0.
Bongioanni, etc, [1] proved the following result for BMOθ(ρ).
Proposition 4.1. Let θ > 0 and 1 ≤ s <∞. If b ∈ BMOθ(ρ), then(
1
|B|
∫
B
|b− bB |s
)1/s
≤ cCθ0s‖b‖BMOθ(ρ)
(
1 +
r
ρ(x)
)θ′
,
for all B = B(x, r), with x ∈ Rn and r > 0, where θ′ = (l0 + 1)θ and C0 is defined in
Lemma 2.1 and c is a constant depending only on n.
Obviously, the classical BMO is properly contained in BMOθ(ρ); more examples
see [1]. For convenience, we let BMO(ρ) denote BMOθ(ρ).
Proposition 4.2. If f ∈ BMO(ρ), then there exist positive constant c1 and c2
such that for every ball B and every λ > 0, we have
|{x ∈ B : |f(x)− fB | > λ}| ≤ c1|B| exp
{
− c2λ‖f‖BMO(ρ)Ψθ′(B)
}
,
where fB =
1
|B|
∫
B f(y)dy and Ψθ′(B) = (1 + r/ρ(x0))
θ′ , B = B(x0, r) and θ
′ = (l0 + 1)θ.
Proof. We adapt the same argument of pages 145-146 in [20]. We first assume ‖f‖BMO(ρ)
Ψθ′(B) = 1. We apply Chebysheff’s inequality and Proposition 4.1, we obtain
|{x ∈ B : |f(x)− fB| > λ}| ≤ (cCθ0s)sλ−s|B|
for 0 < λ <∞, 1 ≤ s <∞.
If λ ≥ 2cCθ0 , we take s = λ/(2cCθ0 ) ≥ 1. Then
|{x ∈ B : |f(x)− fB| > λ}| ≤ (1/2)s|B| = e−c1λ|B|
where c1 = (2cC
θ
0 )
−1 ln 2. However, if λ ≤ 2cCθ0 , then e−c1λ ≥ e−c12(cC
θ
0
) = 1/2, and
|{x ∈ B : |f(x)− fB| > λ}| ≤ 2e−c1λ|B|
in that range of λ. Altogether then, if we drop the normalization on f by replacing
f by f/(‖f‖BMO(ρ)Ψθ′(B)), we can obtain the conclusion by taking c1 = 2 and c2 =
(2cCθ0 )
−1 ln 2. ✷
As a consequence of Proposition 4.2, we can then obtain the following result, which
is equivalent to Proposition 4.1.
Proposition 4.3. Suppose that f is in BMO(ρ). There exist positive constants
γ and C such that
sup
B
1
|B|
∫
B
exp
{
γ
‖f‖BMO(ρ)Ψθ′(B)
|f(x)− fB|
}
dx ≤ C.
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Proof. We choose γ = c2/2, where c2 is a constant in Proposition 4.2. We then have∫
B
exp
{
γ
‖f‖BMO(ρ)Ψθ′(B)
|f(x)− fB|
}
dx
=
∫ ∞
0
|{x ∈ B : exp
{
γ
‖f‖BMO(ρ)Ψθ′(B)
|f(x)− fB|
}
> t}| dt
≤ |B|+
∫ ∞
1
|
{
x ∈ B : |f(x)− fB| >
log t‖f‖BMO(ρ)Ψθ′(B)
γ
}
| dt
≤ |B|+ c1|B|
∫ ∞
1
exp
{
−c2 log t
γ
}
dt
≤ |B|+ C|B|
∫ ∞
1
t−2 dt
≤ C|B|.
Thus, the proof is complete. ✷
We first consider commutators of fractional integrals associated with Scho¨dinger
operators.
Theorem 4.1. Let b ∈ BMO(ρ), 0 < β < n, 1 < p < n/β and 1/q = 1/p − β/n.
If ω ∈ Aρ(p,q), then there exists a constant C such that(∫
Rn
|[Iβ, b]f(x)|qω(x)qdx
)1/q
≤ C‖b‖BMO(ρ)
(∫
Rn
|f(x)|pω(x)pdx
)1/p
.
The weighted weak-type endpoint estimate for the commutator is the following.
Theorem 4.2. Let b ∈ BMO(ρ), 0 < β < n, 1 < p < n/β and 1/q = 1/p − β/n.
Let B(t) = t log(e+ t), Λ(t) = [t log(e+ tβ/n)]n/(n−β) and Θ(t) = t1−β/n log(e+ t−β/n). If
ω ∈ Aρ1, then for any λ > 0
ω({x ∈ Rn : |[Iβ, b]f(x)| > λ}) ≤ CΛ
(∫
Rn
B
(‖b‖BMO(ρ)|f(x)|
λ
)
Θ(ω(x))dx
)
.
To prove Theorems 4.1 and 4.2, we need a few of Lemmas which can be of independent
interest.
Lemma 4.1. Let 0 ≤ β < n, 0 < η < ∞ and MV,η/2f be locally integral. Then
there exist positive constants C1 and C2 independent of f and x such that
C1Mβ,V,ηMV,η+1f(x) ≤ML logL,β,V,η+1f(x) ≤ C2Mβ,V,η/2MV,η/2f(x).
Proof. We first prove ML logL,β,V,η+1f(x) ≤ CMβ,V,η/2MV,η/2f(x). It suffices to show
that for any cube Q ∋ x, there is a constant C > 0 such that
Ψ(Q)−η−1(Ψ(Q)|Q|)β/n‖f‖L logL,Q ≤ CΨ(Q)−η/2(Ψ(Q)|Q|)β/n−1
∫
Q
MV,η/2f(y)dy.
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That is,
‖f‖L logL,Q ≤ CΨ(Q)η/2|Q|−1
∫
Q
MV,η/2f(y)dy. (4.3)
In fact, by homogeneity we can take f with ‖f‖L logL,Q = 1 which implies
1≤ C|Q|
∫
Q
|f(y)|(1 + log+(|f(y)|))dy
≤ C|Q|
∫
Q
|f(y)|
∫ |f(y)|+e
1
dt
t
dy
≤ C|Q|
∫ ǫ
1
∫
Q
|f(y)|dydt
t
+
C
|Q|
∫ ∞
e
∫
{x∈Q:|f(x)|>t−e}
|fχQ(y)|dydt
t
≤ C|Q|
∫
Q
M(fχQ)(x)dx+
C
|Q|
∫ ∞
0
∫
{x∈Q:|f(x)|>t}
|fχQ(y)|dydt
t
≤ C|Q|
∫
Q
M(fχQ)(x)dx+
C
|Q|
∫ ∞
0
|{x ∈ Q : M(fχQ)(x) > t}|dt
≤ C|Q|
∫
Q
M(fχQ)(x)dx
≤ CΨ(Q)
η/2
|Q|
∫
Q
MV,η/2(f)(x)dx,
since M(fχQ)(x) ≤ CΨ(Q)η/2MV,η/2(f)(x) for all x ∈ Q. Thus, (4.3) is proved.
Now let us turn to prove
Mβ,V,ηMV,η+1f(x) ≤ CML logL,β,V,η+1f(x). (4.4)
We first claim that
Mβ,V,ηf(x) ≤ CML logL,β,V,η+1f(x). (4.5)
Indeed, it is sufficient to show that for any cube Q ∋ x such that
Ψ(Q)−η(Ψ(Q)|Q|)β/n−1
∫
Q
|f(y)|dy ≤ Ψ(Q)−η−1(Ψ(Q)|Q|)β/n‖f‖L logL,Q.
That is, |Q|−1 ∫Q |f(y)|dy ≤ ‖f‖L logL,Q. This is clear from the definition of the mean
Luxemburg norm.
Now we prove (4.4). For any fixed x ∈ Rn and any fixed cube Q ∋ x, write
f = f1 + f2, where f1 = fχ3Q. Thus,
Ψ(Q)−η(Ψ(Q)|Q|)β/n−1
∫
Q
|MV,η+1f(y)|dy ≤ Ψ(Q)−η(Ψ(Q)|Q|)β/n−1
∫
Q
|MV,η+1f1(y)|dy
+Ψ(Q)−η(Ψ(Q)|Q|)β/n−1
∫
Q
|MV,η+1f2(y)|dy
:= I + II.
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For I, we know that for all g with supp g ⊂ Q (see [15])
1
|Q|
∫
Q
Mg(y)dy ≤ C‖g‖L logL,Q.
From this and note that MV,η+1f(x) ≤Mf(x), we get
I ≤ CΨ(3Q)−η(Ψ(3Q)|3Q|)β/n−1
∫
3Q
|Mf1(y)|dy
≤ CΨ(3Q)−η−1(Ψ(Q)|3Q|)β/n‖f‖L logL,3Q
≤ CML logL,β,V,η+1.
Next let us estimate II. It is easy to see that for all y, z ∈ Q, we have
(Ψ(Q)|Q|)β/nMV,η+1f2(y) ≤ CMβ,V,ηf(z). (4.6)
In fact, for any cube Q′ ∋ y and Q′⋂(Rn \ 3Q) 6= Ø, noticing that z ∈ Q ⊂ 3Q′, we have
(Ψ(Q)|Q|)β/n
Ψ(Q′)η+1|Q′|
∫
Q′
|f2(y)|dy ≤ C (Ψ(3Q
′)|3Q′|)β/n
Ψ(3Q′)η+1|3Q′|
∫
3Q′
|f2(y)|dy
≤ CMβ,V,ηf(z).
Hence, (4.6) holds.
Using (4.5) and (4.6) and note that Ψ(Q) ≥ 1, we obtain
II ≤ C(Ψ(Q)|Q|)β/n−1
∫
Q
|MV,η+1f2(y)|dy
≤ C|Q|−1
∫
Q
inf
z∈Q
Mβ,V,ηf(z)dz
≤ CMβ,V,ηf(x) ≤ CML logL,β,V,η+1f(x).
Thus, (4.4) is proved. ✷
Lemma 4.2. Let 0 ≤ β < n, 0 < η <∞ and MV,ηf,Mβ,V,ηf be locally integrable.
Then there is a constant C > 0 independent of f and x such that
MV,η+1Mβ,V,ηf(x) ≤ CMβ,V,ηMV,ηf(x).
Proof. For any fixed x ∈ Rn and any fixed cube Q ∋ x, write f = f1 + f2, where
f1 = fχ3Q. Thus,
Ψ(Q)−η−1|Q|−1
∫
Q
|Mβ,V,ηf(y)|dy ≤ Ψ(Q)−η−1|Q|−1
∫
Q
|Mβ,V,ηf1(y)|dy
+Ψ(Q)−η−1|Q|−1
∫
Q
|Mβ,V,ηf2(y)|dy
:= I + II.
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Similar to the estimates of II in Lemma 4.1, we have
II ≤ CMβ,V,ηf(x) ≤ CMβ,V,ηMV,ηf(x).
From page 881 in [6], we know that for any g with supp g ⊂ Q,∫
Q
Mβf(y)dy ≤ C|Q|β/n
∫
Q
g(y)dy, (4.7)
where Mβf(x) = supx∈Q
1
|Q|1−β/n
∫
Q |f(y)dy. Obviously, Mβ,V,ηf(x) ≤Mβf(x).
Hence, by (4.7), we obtain
I ≤ CΨ(3Q)−η−1|3Q|−1
∫
3Q
|Mβ,V,ηf1(y)|dy
≤ CΨ(3Q)−η−1|3Q|−1
∫
3Q
|Mβf1(y)|dy
≤ CΨ(3Q)−η−1|3Q|β/n−1
∫
3Q
|f1(y)|dy
≤ CΨ(3Q)−η−1|3Q|β/n−1
∫
3Q
|MV,ηf(y)|dy
≤ CMβ,V,ηMV,ηf(x).
This completes the proof. ✷
Definition 4.1. Given an increasing function ϕ, define the function hϕ by
hϕ(s) = sup
t>0
ϕ(st)
ϕ(t)
, 0 ≤ s <∞.
Lemma 4.3. Let 0 < β < n, 1 ≤ η < ∞, ω ∈ Aρ1 and B(t) = t log(e + t),. Then
there exists a constant C > 0 such that for all t > 0
Φ (ω({x ∈ Rn : MB,β,V,ηf(x) > t})) ≤ C
∫
Rn
Φ
( |f(x)|
t
)
hΦ(ω(x))dx,
where Φ(s) = s/hB(s
β/n) if s > 0, otherwise is zero.
From page 4 in [4], we know that
Φ(t) ≈ t
β
n
−1
log(e+ t
β
n )
.
The the function Φ is invertible with
Φ−1(t) ≈ [t log(e+ tβn ])n/(n−β),
and
hΦ(t) ≤ CΘ(t) = Ct1−
β
n log(e+ t−
β
n ).
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Proof. Define Et = {x ∈ Rn : MB,β,V,ηf(x) > t}. For each x ∈ Et, there exists a cube
Qx ∋ x such that
Ψ(Qx)
−η(Ψ(Qx)|Qx|)β/n‖f‖B,Qx > t.
The collection {Qx}x∈Et covers Et. Similar to the proof of Lemma 3.14 in [3], we can show
that there exists a constant L > 0 and a collection of disjoint dyadic cubes {Pj} such that
Et ⊂
⋃
3Pj , and such that
Ψ(Pj)
−η(Ψ(Pj)|Pj |)β/n‖f‖B,Pj > Lt.
By the properties of the Luxemburg norm on Orlicz spaces and by definition 4.2, we have
1≤ 1|Pj |
∫
Pj
B
(
(Ψ(Pj)|Pj |)β/n|f(x)|
LtΨ(Pj)η
)
dx
≤ ChB((Ψ(3Pj)|3Pj |)
β/n)
|3Pj |
∫
Pj
B
(
|f(x)|
tΨ(3Pj)η
)
dx
≤ ChB((Ψ(3Pj)|3Pj |)
β/n)
Ψ(3Pj)η|3Pj |
∫
Pj
B
( |f(x)|
t
)
dx
≤ ChB((Ψ(3Pj)|3Pj |)
β/n)
Ψ(3Pj)|3Pj |
∫
Pj
B
( |f(x)|
t
)
dx
=
C
Φ(Ψ(3Pj)|3Pj |)
∫
Pj
B
( |f(x)|
t
)
dx.
The growth conditions assumed on B imply that
Φ(ω(Et)) ≤ Φ(
∑
j
(ω(3Pj)) ≤
∑
j
Φ(ω(3Pj)).
Hence, if we combine the two inequalities above and apply Definition 4.2, we get
Φ(ω(Et))≤ C
∑
j
Φ(ω(3Pj))
Φ(Ψ(3Pj)|3Pj |)
∫
Pj
B
( |f(x)|
t
)
dx
≤ C
∑
j
hΦ
(
ω(3Pj)
Ψ(3Pj)|3Pj |
)∫
Pj
B
( |f(x)|
t
)
dx
≤ C
∑
j
∫
Pj
B
( |f(x)|
t
)
hΦ(ω(x))dx
≤ C
∫
Rn
B
( |f(x)|
t
)
hΦ(ω(x))dx.
Thus, Lemma 4.3 is proved. ✷
Lemma 4.4. Let b ∈ BMO(ρ), 0 < β < n and (l0 + 1) ≤ η < ∞. Let 0 < 2δ <
ǫ < 1, then
M ♯δ,η([b, Iβ ]f)(x) ≤ C‖b‖BMO(ρ)(M△ǫ,η(Iβf)(x) +ML logL,β,V,η(f)(x)), a.e x ∈ Rn, (4.8)
holds for any f ∈ C∞0 (Rn).
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Proof. Observe that for any constant λ
[b, Iβ ]f(x) = (b(x) − λ)Iβf(x)− Iβ((b− λ)f)(x).
As above we fix x ∈ Rn and let x ∈ Q = Q(x0, r)(dyadic cube). Decompose f = f1 + f2,
where f1 = fχB¯, where Q¯ = Q(x, 8
√
nr). Let λ be a constant and CQ a constant to be
fixed along the proof.
To prove (4.8), we consider two cases about r, that is, r < ρ(x0) and r ≥ ρ(x0).
Case 1. when r < ρ(x0). Since 0 < δ < 1, we then have(
1
|Q|
∫
Q
| |[b, Iβ ]f(y)|δ − |CQ|δ | dy
)1/δ
≤
(
1
|Q|
∫
Q
|[b, Iβ ]f(y)− CQ|δ dy
)1/δ
≤
(
1
|Q|
∫
Q
|(b(y)− λ)Iβf(y)− Iβ((b− λ)f)(y)− CQ|δ dy
)1/δ
≤ C
(
1
|Q|
∫
Q
|(b(y) − λ)Iβf(y)|δ dy
)1/δ
+C
(
1
|Q|
∫
Q
|Iβ((b− λ)f1)(y)|δ dy
)1/δ
+C
(
1
|Q|
∫
Q
|Iβ((b− λ)f2)(y) −CQ|δ dy
)1/δ
:= I + II + III.
To deal with I, we first fix λ = bQ¯, the average of b on Q¯. Then for any 1 < γ < ǫ/δ, note
that mV (x) ∼ mV (x0) for any x ∈ Q¯ and Ψ(Q¯) ∼ 1, by Proposition 4.1, we then obtain
I ≤ C
(
1
|Q¯|
∫
Q¯
|b(y)− bQ¯|δγ
′
dy
)γ′/δ ( 1
|Q|
∫
Q
|Iβf(y)|δγ dy
)δγ
≤ C‖b‖BMO(ρ)M△ǫ,η(Iβf)(x),
(4.9)
where 1/γ′ + 1/γ = 1.
For II, we recall that Iβ is weak type (1, n/(n−β)). Note that mV (x) ∼ mV (x0) for
any x ∈ Q¯ and Ψ(Q¯) ∼ 1, by Kolmogorov’s inequality and Proposition 4.3, we then have
II ≤ C|Q|1−β/n ‖Iβ(b− bQ¯)f1‖L nn−β ,∞
≤ C|Q¯|1−β/n
∫
Q¯
|(b− bQ¯)f(y)| dy
≤ CML logL,β,V,ηf(x).
(4.10)
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Finally, for III we first fix the value of CQ by taking CQ = (Iβ((b− bQ¯)f2))Q, the average
of Iβ((b− bQ¯)f2) on B. Let bQk = bQ(x0,2k+1r). Then, by Lemmas 2.1 and 2.2, we have
II ≤ C|Q|
∫
Q
|Iβ((b− bQ¯)f2)(y)− (Iβ((b− bQ¯)f2))Q| dy
≤ C|Q|2
∫
Q
∫
Q
∫
Rn\Q¯
|kβ(y, ω)− kβ(z, ω)||(b(ω) − bQ¯)f(ω)|dωdzdy
≤ C|Q|2
∫
Q
∫
Q
∫
|x0−ω|>2r
|kβ(y, ω)− kβ(z, ω)||(b(ω) − bQ¯)f(ω)|dωdzdy
≤ C|Q|2
∫
Q
∫
Q
∞∑
k=2
∫
2kr≤|x0−ω|<2k+1r
|kβ(y, ω)− kβ(z, ω)||(b(ω) − bQ¯)f(ω)|dωdzdy
≤ Cl
∞∑
k=1
2−kδ0
(1 + 2krmV (x0))l|Qk|1−β/n
∫
Qk
|b(ω)− bQ¯|f(ω)|dω
≤ Cl
∞∑
k=1
2−kδ0(1 + 2krmV (x0))
(l0+1)θ(η+2)
(1 + 2krmV (x0))l
× 1
(1 + 2krmV (Qk))(η+1)α|Qk|1−β/n
∫
Qk
|b(ω)− bQk ||f(ω)|dω
+Cl
∞∑
k=1
2−θk(1 + 2krmV (x0))
(l0+2)θ(η+1)
(1 + 2krmV (x0))l
× 1
(1 + 2krmV (Qk))θ(η+2)|Qk|1−β/n
|b(Q¯)− bQk |
∫
Qk
|f(ω)|dω
≤ Cl
∞∑
k=1
2−kδ0(1 + 2krmV (x0))
(l0+1)θ(η+2)
(1 + 2krmV (x0))l
× 1
(1 + 2krmV (Qk))θ(η+1)|Qk|1−β/n
∫
Qk
|b(ω)− bQk ||f(ω)|dω
+Cl
∞∑
k=1
2−δ0k(1 + 2krmV (x0))
(l0+1)θ(η+2)
(1 + 2krmV (x0))l
× 1
(1 + 2krmV (Qk))θ(η+1)(Ψ(Qk)|Qk|)1−β/n
|bQ¯ − bQk |
∫
Qk
|f(ω)|dω
≤ Cl
∞∑
k=1
2−δ0k‖b‖BMO(ρ)ML logL,β,V,η(f)(x) + Cl‖b‖BMO(ρ)Mβ,V,η(f)(x)
∞∑
k=1
k2−kδ0
≤ Cl‖b‖BMO(ρ)ML logL,β,V,η(f)(x),
(4.11)
where l = (l0 + 1)(η + 2)θ and in last inequality we have used the fact that
|bQ¯ − bQk | ≤ CkΨ(Qk)‖b‖BMO(ρ),
and
Mβ,V,η(f)(x) ≤ML logL,β,V,η(f)(x).
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Case 2. When r ≥ ρ(x0). Since 0 < 2δ < ǫ < 1, so a = η/δ and ǫ/δ > 2, then
1
Ψ(Q)a
(
1
|Q|
∫
Q
|[b, Iβ ]f(y)|δ dy
)1/δ
=
1
Ψ(Q)a
(
1
|Q|
∫
Q
|(b(y) − λ)Iβf(y)− Iβ((b− λ)f)(y)|δ dy
)1/δ
≤ C 1
Ψ(Q)a
(
1
|Q|
∫
Q
|(b(y)− λ)Iβf(y)|δ dy
)1/δ
+C
1
Ψ(Q)a
(
1
|Q|
∫
Q
|Iβ((b− λ)f1)(y)|δ dy
)1/δ
+C
1
Ψ(Q)a
(
1
|Q|
∫
Q
|Iβ((b− λ)f2)(y)|δ dy
)1/δ
:= I + II + III.
To deal with I, we first fix λ = bQ¯, the average of b on Q¯. Then for any 2 ≤ γ < ǫ/δ, note
that l0 + 1 ≤ η, by Proposition 4.1, we then have
I ≤ C 1
Ψθ′(Q)
(
1
|Q¯|
∫
Q¯
|b(y)− bQ¯|δγ
′
dy
)1/(r′δ)
× Ψθ′(Q)
Ψ(Q)a−η/(2δ)
(
1
Ψ(Q)η|Q|
∫
Q
|Iβf(y)|δγ dy
)1/(δγ)
≤ C‖b‖BMO(ρ)M△ǫ,η(Iβf)(x),
(4.12)
where 1/γ′ + 1/γ = 1.
For II, we recall that Iβ is weak type (1, n/(n − β)). By Kolmogorov’s inequality
and Proposition 4.3, we then have
II ≤ C
Ψ(Q)a
1
|Q|1−β/n ‖Iβ(b− bQ¯)f1‖L nn−β ,∞
≤ C
Ψ(Q)a
1
|Q¯|1−β/n
∫
Q¯
|(b− bQ¯)f(y)| dy
≤ CML logL,β,V,ηf(x).
(4.13)
Finally, for III, let bQk = bQ(x0,2k+1r). Then, by (1.2) and Lemma 2.1, we get that
III ≤ C|Q|
∫
Q
|Iβ((b− bQ¯)f2)(y)| dy
≤ C|Q|
∫
Q
∫
Rn\Q¯
|kβ(y, ω)||(b(ω) − bQ¯)f(ω)|dωdy
≤ C|Q|
∫
Q
∫
|x0−ω|>2r
|kβ(y, ω)||(b(ω) − bQ¯)f(ω)|dωdy
≤ C|Q|
∫
Q
∞∑
k=2
∫
2kr≤|x0−ω|<2k+1r
|kβ(y, ω)||(b(ω) − bQ¯)f(ω)|dωdy
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≤ Cl
∞∑
k=1
1
(1 + 2krmV (x0))l|Qk|1−β/n
∫
Qk
|b(ω)− bQ¯|f(ω)|dω
≤ Cl
∞∑
k=1
(1 + 2krmV (x0))
(l0+1)(η+2)θ
(1 + 2krmV (x0))l
× 1
(1 + 2krmV (Qk))(η+2)θ |Qk|1−β/n
∫
Qk
|b(ω)− bQk ||f(ω)|dω
+Cl
∞∑
k=1
(1 + 2krmV (x0))
(l0+1)(η+2)θ
(1 + 2krmV (x0))l
× 1
(1 + 2krmV (Qk))(η+2)θ |Qk|1−β/n
|bQ¯ − bQk |
∫
Qk
|f(ω)|dω
≤ Cl
∞∑
k=1
2−δ0k(1 + 2krmV (x0))
(l0+1)(η+2)θ
(1 + 2krmV (x0))l
× 1
(1 + 2krmV (Qk))(η+2)θ |Qk|1−β/n
∫
Qk
|b(ω)− bQk ||f(ω)|dω
+Cl
∞∑
k=1
(1 + 2krmV (x0))
(l0+1)(η+2)θ
(1 + 2krmV (x0))l
× 1
(1 + 2krmV (Qk))(η+1)θ(Ψ(Qk)|Qk|)1−β/n
|b(Q¯)− bQk |
∫
Qk
|f(ω)|dω
≤ Cl
∞∑
k=1
2−kδ0‖b‖BMO(ρ)ML logL,β,V,η(f)(x) + Cl‖b‖BMO(ρ)Mβ,V,η(f)(x)
∞∑
k=1
k2−kδ0
≤ Cl‖b‖BMO(ρ)ML logL,β,V,η(f)(x),
(4.14)
where l = (l0 + 1)(η + 2)θ + 1.
From (4.9)–(4.14), we get (4.8). Hence the proof is finished. ✷
Lemma 4.5. Let b ∈ BMO(ρ), 0 < β < n and 0 < η < ∞. Let ω ∈ Aρ1 and
Λ(t) = Φ(Φ(t)). Then there exists a positive constant C such that for any smooth function
f with compact support
sup
t>0
1
Λ(1/t)
ω({x ∈ Rn : |[Iβ , b]f(x) > t})1−β/n
≤ CΛ(‖b‖BMO(ρ)) sup
t>0
1
Λ(1/t)
ω({x ∈ Rn : MB,β,V,ηf(x) > t})1−β/n.
Using Theorems 2.1 and Lemmas 4.1, 4.2 and 4.4, adapting the same arguments in pages
884-886 of [6]( or pages 21-23 of [5]), we can prove Lemma 4.5. Here we omit the details.
Proof of Theorem 4.1. By Lemmas 4.1, 4.4 and Theorems 3.1, 3.2 and Corollary
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2.1, we have
‖[Iβ, b]‖Lq(ωq) ≤ C‖Mǫ,V,η(Iβf)‖Lq(ωq) + ‖ML logL,β,V,η(f)‖Lq(ωq)
≤ C‖Iβf‖Lq(ωq) + ‖Mβ,V,η/2MV,η/2f‖Lq(ωq)
≤ C‖f‖Lp(ωp),
if taking η = 2(p′ + q′)(l0 + 1). ✷
Proof of Theorem 4.2. By homogeneity, we need only to show that
ω({x ∈ Rn : |[Iβ , b]f(x)| > 1}) ≤ CΦ−1
(∫
Rn
Φ(|f(x)|)hΦ(ω(x))dx
)
.
Indeed, using Lemmas 4.3 and 4.5, adapting the same arguments pages 21-23 of [5], we
can obtain
ω({x ∈ Rn : |[Iβ, b]f(x)| > 1})
≤ C sup
t>0
1
Λ(1/t)
ω({x ∈ Rn : |[Iβ , b]f(x)| > t})1−β/n
≤ CΛ(‖b‖BMOV ) sup
t>0
1
Λ(1/t)
ω({x ∈ Rn : MB,β,V,ηf(x) > t})1−β/n
≤ CΦ−1
(∫
Rn
Φ(|f(x)|)hΦ(ω(x))dx
)
,
if taking η ≥ l0 + 1.
Thus, the proof is complete.
We next consider a class Schro¨dinger type operators such as ∇(−∆ + V )−1∇,
∇(−∆ + V )−1/2, (−∆ + V )−1/2∇ with V ∈ Bn, (−∆ + V )iγ with γ ∈ R and V ∈ Bn/2,
and ∇2(−∆+ V )−1 with V is a nonnegative polynomial.
Theorem 4.3. Let T be operators above, b ∈ BMO(ρ), 1 < p < ∞ and ω ∈ Aρp.
Then there exists a constant Cp > 0 such that
‖[b, T ]f‖Lp(ω) ≤ C‖b‖BMO(ρ)‖f‖Lp(ω).
Proof. In order to prove Theorem 4.3, from Corollary 2.1, we need only to show that for
0 < 2δ < ǫ < 1 and η > l0 + 1, such that
M ♯δ,η([b, T ]f)(x) ≤ C‖b‖BMO(ρ)(Mǫ,V,η(Tf)(x) +ML logL,V,η(f)(x)), a.e x ∈ Rn, (4.15)
holds for any f(x) ∈ C∞0 (Rn). ✷
Adapting the same argument of Lemma 4.4, and using (3.1) and (3.2), we can get
(4.15). We omit the details here.
The weighted weak-type endpoint estimate for the commutator of T is the following.
Weighted norm inequalities for Schro¨dinger type operators 31
Theorem 4.4. Let b ∈ BMO(ρ) and ω ∈ Aρ1. There exists a constant C > 0
such that for any λ > 0
ω({x ∈ Rn : |[b, T ]f(x)| > λ}) ≤ C
∫
Rn
|f(x)|
λ
(
1 + log+
( |f(x)|
λ
))
ω(x)dx.
The proof is similar to that of Theorem 4.1 (see also [15]), we omit the details here.
Finally, we consider another class V ∈ Bq for n/2 ≤ q for Riesz transforms associated
to Schro¨dinger operators. Let T1 = (−△ + V )−1V, T2 = (−△ + V )−1/2V 1/2 and T3 =
(−△+ V )−1/2∇.
Theorem 4.5. Suppose V ∈ Bq and q ≥ n/2. Let b ∈ BMO(ρ). Then
(i) If q′ ≤ p <∞ and ω ∈ Aρp/q′,
‖[b, T1]f‖Lp(ω) ≤ C‖b‖BMO(ρ)‖f‖Lp(ω);
(ii) If (2q)′ ≤ p <∞ and ω ∈ Aρp/(2q)′ ,
‖[b, T2]f‖Lp(ω) ≤ C‖b‖BMO(ρ)‖f‖Lp(ω);
(iii) If p′0 ≤ p <∞ and ω ∈ Aρp/p′
0
, where 1/p0 = 1/q − 1/n and n/2 ≤ q < n,
‖[b, T3]f‖Lp(ω) ≤ C‖b‖BMO(ρ)‖f‖Lp(ω).
The proof of Theorem 4.5 is similar that of Theorem 3.2, we omit the details here.
Let T ∗1 = V (−△ + V )−1, T ∗2 = V 1/2(−△ + V )−1/2 and T ∗3 = ∇(−△ + V )−1/2. By
duality we can easily get the following results.
Corollary 4.1. Suppose V ∈ Bq and q ≥ n/2. Let b ∈ BMO(ρ). Then
(i) If 1 < p ≤ q and ω− 1p−1 ∈ Aρp′/q′,
‖[b, T ∗1 ]f‖Lp(ω) ≤ C‖b‖BMO(ρ)‖f‖Lp(ω);
(ii) If 1 < p ≤ 2q and ω− 1p−1 ∈ Aρp′/(2q)′ ,
‖[b, T ∗2 ]f‖Lp(ω) ≤ C‖b‖BMO(ρ)‖f‖Lp(ω);
(iii) If 1 < p ≤ p0 and ω−
1
p−1 ∈ Aρp′/p′
0
, where 1/p0 = 1/q − 1/n and n/2 ≤ q < n,
‖[b, T ∗3 ]f‖Lp(ω) ≤ C‖b‖BMO(ρ)‖f‖Lp(ω).
We remark that in fact all results in this section also hold for BMOθ1(ρ) and A
ρ,θ2
p if
θ1 6= θ2.
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